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ABSTRACT: A simple steady-state model is constructed for the interaction between moist convection and large-scale
ascent in the tropics. The model is based on a bulk-plume representation of convection, and it is coupled to the large-scale
circulation using methods developed for limited-area numerical models that are consistent with the weak temperature gradient approximation. Given the midtropospheric temperature anomaly in the ascent region, the model solves for the proﬁles of temperature, relative humidity, and large-scale vertical velocity in this region, as well as the tropical-mean proﬁles
of temperature and relative humidity, as a function of two parameters representing the importance of entrainment and condensate re-evaporation in moist convection. According to the simple model, the ascent region is characterized by an anomalously moist and stable free troposphere with a top-heavy vertical velocity proﬁle that peaks in the upper troposphere.
These results are shown to be consistent with simulations using a cloud system–resolving model in which the large-scale circulation is parameterized. Furthermore, it is shown that, due to the effect of entrainment on the tropospheric lapse rate,
the predicted vertical velocity proﬁle is more top-heavy than the ﬁrst-baroclinic mode proﬁle used in previous reducedcomplexity models of tropical dynamics. The simple model therefore provides a framework to link mixing and microphysical processes in moist convection to the large-scale structure of the tropical overturning circulation.
KEYWORDS: Atmospheric circulation; Convection; Cloud resolving models; Idealized models

1. Introduction
Understanding how moist convection inﬂuences, and is
inﬂuenced by, the large-scale circulation remains a central
challenge of tropical meteorology. Such understanding is a
prerequisite for successful parameterization of convection
within general circulation models (e.g., Arakawa and Schubert
1974). More generally, knowledge of the basic physical mechanisms that underpin the relationship between convection and
the large-scale atmospheric state is crucial for interpreting
observations and the results of high-resolution models and for
developing theories of convectively coupled phenomena (e.g.,
Emanuel 2019).
In this paper, we develop a simple model for the interaction
between moist convection and the large-scale circulation
applicable to a region of the tropics experiencing steady
ascent. Here, the phrase “large scale” refers to phenomena
that vary over spatial distances of a few hundred kilometers
up to the size of the planet. Our aims in constructing such a
model are threefold. First, we demonstrate that the recently
proposed theoretical model of tropospheric stability and
humidity of Singh et al. (2019) may be coupled to the largescale circulation in a way that respects dynamical constraints
on the tropical atmosphere. Second, we show that the model
is able to reproduce key aspects of cloud system–resolving
model (CRM) simulations of a region of ascent in the tropics.
This allows us to achieve our third and most important aim, to
provide a framework linking small-scale processes within
moist convection, including cloud mixing and microphysics,
to the structure of the large-scale tropical overturning
circulation.
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Previous observational and modeling studies have highlighted
important connections between convective activity and the
large-scale atmospheric state. For example, it is well known
that there is a strong and nonlinear relationship between
precipitation and total column water vapor in the tropics
(Bretherton et al. 2004), valid over both land and ocean
(Schiro et al. 2016) and on a range of spatial and temporal
scales (Kuo et al. 2018). At short time scales, this relationship
has been interpreted as an indicator of the sensitivity of the
growth of convective clouds to environmental humidity (e.g.,
Holloway and Neelin 2009; Ahmed and Neelin 2018). At longer time scales, the energy and moisture budgets provide
additional constraints, and the moistening effects of convection itself must be taken into account (Emanuel 2019; Singh
et al. 2019). Moist convection is also known to exert a strong
inﬂuence on the atmosphere’s thermal structure (e.g., Arakawa
and Schubert 1974; Emanuel et al. 1994). A number of studies
have presented evidence that tropical lapse rates tend to be
smaller when the troposphere is moist and convection is widespread compared to when the troposphere is drier and the
convective area fraction is lower (e.g., Singh and O’Gorman
2013; Singh et al. 2017; Davies et al. 2013; Gjorgjievska and
Raymond 2014; Raymond et al. 2015).
Singh et al. (2019) developed a simple steady-state model
to help explain the above relationships based on the assumptions that convection acts to drive the atmosphere toward a
state that is neutrally buoyant with respect to an entraining
plume (Singh and O’Gorman 2013) and that the environmental humidity is determined through a balance between moistening by convective detrainment and drying by subsidence
(Romps 2014). This zero-buoyancy plume (ZBP) model was
able to provide a mechanistic explanation for the relationships between precipitation, humidity, and instability across
simulations with a CRM in which a steady large-scale ﬂow
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was imposed. However, as pointed out by Romps (2021), the
model fails to take into account the tendency for gravity
waves to homogenize the virtual temperature proﬁle within
the tropics, and, when applied to explain tropical variability, it
predicts horizontal temperature gradients much larger than
those observed. Here, we address this criticism by coupling
the model of Singh et al. (2019) to the large-scale circulation
using methods developed for simulating the tropical atmosphere in limited-area numerical models, namely the weak
temperature gradient (WTG; Sobel and Bretherton 2000) and
damped gravity wave (DGW; Kuang 2008a) parameterizations. The resultant coupled zero-buoyancy plume (CZBP)
model explicitly takes into account dynamic constraints on
the atmospheric thermal structure; as a result, it allows the
free-tropospheric temperature within the ascent region to
remain close to that of the tropical mean, satisfying the weak
temperature gradient approximation. At the same time, consistent with the results of Singh et al. (2019) and Warren et al.
(2020), we ﬁnd that the ascent region has a moister and more
stable troposphere than that of the tropical mean state.
Extending the ZBP model of Singh et al. (2019) to include
dynamic constraints has the added beneﬁt of incorporating
the structure of the circulation into the model solution. Speciﬁcally, the model predicts the vertical proﬁle of vertical
velocity averaged over the ascent region as a function of
parameters representing the strength of mixing and reevaporation processes within moist convection. In the tropics,
the shape of the vertical velocity proﬁle is a key determinant
of the energy transport associated with large-scale overturning
circulations through its effect on the gross moist stability
(Neelin and Held 1987).
Theories for the gross moist stability and the vertical structure of the tropical overturning circulation commonly consider a representation of the vertical velocity that comprises a
small number of modal structure functions. For example,
Neelin and Zeng (2000) showed that the assumption of convective quasi-equilibrium (QE), in which the tropospheric
lapse rate is assumed to remain nearly equal to that of a moist
adiabat, constrains tropical overturning circulations to conform to a single “ﬁrst-baroclinic mode” vertical structure, in
which the vertical velocity proﬁle peaks in the upper troposphere. The resultant theoretical framework, known as QE
dynamics (Emanuel 2007), and the associated numerical
model, known as the quasi-equilibrium tropical circulation
model (Neelin and Zeng 2000; Zeng et al. 2000), have provided a range of insights into the behavior of tropical circulations and their response to changes in climate (e.g., Chou
and Neelin 2004; Neelin 2007; Levine and Boos 2016).
However, other studies have highlighted the need for at
least two modes of the vertical velocity, with maxima in the
upper and lower troposphere, respectively, to adequately
account for the range of circulations observed in the tropics
(e.g., Back and Bretherton 2006, 2009a,b; Duffy et al. 2020).
The relative importance of each mode affects the level at
which the vertical velocity maximizes and, in doing so, controls
the gross moist stability. Kuang (2011) used such a two-mode
decomposition to develop a theory for the dependence of the
gross moist stability on the wavelength of the associated
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circulation. He found that the gross moist stability decreases
with wavelength, potentially providing a scale-selection mechanism for certain types of planetary-scale tropical disturbances.
While the CZBP model developed here solves for the full
vertical velocity proﬁle without decomposition into modes,
the dynamics remain truncated through the use of simpliﬁed
approximations in the methods of coupling. Nevertheless, we
show that the dynamical structures predicted by the CZBP
model compare well to those obtained in simulations performed with a CRM in which the large-scale circulation is
parameterized using similar WTG and DGW coupling methods.
This provides conﬁdence that the CZBP model is able to reproduce key aspects of the convective response. We further show
that the ﬁrst-baroclinic mode structure of QE dynamics is
obtained for a limiting case of the CZBP model in which mixing
between the clouds and their environment is negligible and does
not affect the lapse rate of the ascent region or of the tropical
mean state. According to the CZBP model, the effect of mixing
is to enhance ascent in the upper troposphere relative to that in
the lower troposphere, implying a larger gross moist stability.
The CZBP model therefore enables one to relate details of convective-scale dynamics to large-scale properties of the ﬂow.
The rest of the paper is organized as follows. We ﬁrst derive
the CZBP model and describe the method used to solve it
(section 2). We then document the basic dynamic and thermodynamic properties of the solution (section 3), and we compare the results to those obtained in CRM simulations in
which the large-scale circulation is parameterized (section 4).
Finally, we present a summary and discussion (section 5).

2. Coupled zero-buoyancy plume model
We construct a simple steady-state model for the dynamic
and thermodynamic structure of the atmosphere in a region
of large-scale ascent. We solve for the average proﬁles of temperature T(z), relative humidity R(z), and vertical velocity
w(z) in the ascent region as a function of height z. The background proﬁles of temperature T0(z) and relative humidity
R0 (z), representing the tropical mean state, are taken as the
solution under radiative-convective equilibrium (RCE) conditions, for which w(z) 5 0.
The model is made up of two components: a thermodynamic model and a dynamic model. The thermodynamic
model solves for the steady-state thermodynamic structure of
the atmosphere under the inﬂuence of a given large-scale vertical velocity proﬁle (section 2a). The dynamic model diagnoses the large-scale vertical velocity w(z) from the temperature
anomaly in the ascent region DT(z) 5 T 2 T0 (section 2b). By
iteratively coupling these two models together, we are able to
solve for the steady-state thermodynamic and dynamic structures of the ascent region given the value of the temperature
anomaly DTref 5 DT(zref) at a single level zref and two parameters that are related to the importance of entrainment and
condensate re-evaporation within moist convection (section 2c).
We refer to this coupled model as the coupled zero-buoyancy
plume (CZBP) model, although the ZBP approximation is
only applied within its thermodynamic component.
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a. Thermodynamic model

l(z) 5

The thermodynamic model solves for the temperature and
relative humidity proﬁles of the atmosphere given the largescale vertical velocity proﬁle. It is based on the ZBP approximation, introduced by Bretherton and Park (2008) and Singh
and O’Gorman (2013) for shallow and deep convection,
respectively, and used in Romps (2014, 2021), Singh and
O’Gorman (2015), and Singh et al. (2019). According to the
ZBP approximation, convection constrains the tropospheric
density proﬁle such that it remains neutrally buoyant with
respect to an entraining plume. Owing to the inﬂuence of
entrainment, the tropospheric lapse rate is then dependent on
the relative humidity of the cloud environment. Following
Romps (2014), we determine the environmental relative
humidity by assuming a steady-state balance between moistening of the environment by detrainment of water vapor and
condensate from clouds and drying of the environment by
subsidence.
Singh et al. (2019) used the above assumptions to solve for
the temperature and relative humidity proﬁles of the atmosphere given the upward mass ﬂux in convection and the
downward mass ﬂux in the environment. Romps (2021)
derived an analytic solution for the lapse rate, relative humidity, and convective mass ﬂux as a function of the net vertical
mass ﬂux rw under the additional assumptions that detrainment of cloud water and the variation of the convective mass
ﬂux with height may be neglected.1 Here, we extend the analytic solution of Romps (2021) to include a crude representation of condensate detrainment, and we apply it to provide a
complete numerical solution for the thermodynamic structure
of the atmosphere under large-scale ascent.
Within the troposphere, the thermodynamic model represents convection as a steady-state bulk entraining plume. The
model domain is divided into a saturated convective region
with a mass ﬂux Mc(z) and an unsaturated environment with
a mass ﬂux Me(z). On physical grounds, and recently conﬁrmed
observationally by Yin et al. (2021), we expect the environmental mass ﬂux to be downward. Deﬁning upward mass ﬂuxes to
be positive, we therefore expect Me(z) to be negative. The net
upward mass ﬂux over the domain rw is then given by

r w 5 M c 1 Me :

(1)

Note that we express all mass ﬂuxes per unit area of the
domain.
For the simple case of radiative-convective equilibrium
(RCE), the vertical velocity w(z) is zero, and subsidence in
the environment balances ascent within convection. When
w(z) Þ 0, mass continuity requires there to be a horizontal
convergence of mass l(z) to balance the vertical mass divergence associated with the vertical velocity:
1
Singh et al. (2019) also presented an analytic solution for the
precipitation rate as a function of relative humidity under additional assumptions, but, as shown by Romps (2021), these assumptions result in an inconsistency in the model. This inconsistency
affects Fig. 2 of Singh et al. (2019), but all other results in that
work are consistent with the thermodynamic model derived here.

(rw)
:
z

(2)

Following Romps (2021), we describe the thermodynamic
model in terms of speciﬁc humidity and moist static energy.
We deﬁne q to be the environmental speciﬁc humidity and h
to be the environmental moist static energy. Neglecting virtual effects, the ZBP assumption states that the temperatures
of the environment and the convective region are equal to the
domain-mean temperature T. Further neglecting the effects
of water on the speciﬁc heat capacity, we may write the environmental moist static energy as
h 5 cp T 1 gz 1 Ly q,

(3)

where cp is the isobaric speciﬁc heat capacity, g is the gravitational acceleration, and Ly is the latent heat of vaporization. The
humidity and moist static energy of the convective region are
then given by q* and h*, respectively, where an asterisk refers to
a variable at saturation. With these deﬁnitions, we may write
down the governing equations for the thermodynamic model:
Mc
5 e 2 d,
z

(4a)

Me
5 d 2 e 1 l,
z

(4b)

(Mc q* )
5 eq 2 dq* 2 scond ,
z
(Me q)
5 dq* 2 eq 1 lq 1 sevap ,
z
(Mc h* )
5 eh 2 dh* ,
z

(4c)

(4d)

(4e)

(Me h)
5 dh* 2 eh 1 lh 1 Qrad ,
z

(4f)

h* 2 h 5 q* 2 q:

(4g)

Here, e is the rate of entrainment of mass from the environment into the convective region, d is the rate of detrainment
of mass from the convective region into the environment,
scond represents the sink of water vapor within the convective
region due to condensation, sevap represents the source of
water vapor within the environment due to evaporation of
condensate that has been detrained from convection, and
Qrad gives the radiative heating rate, all expressed per unit
volume. The ﬁnal equation expresses the ZBP approximation
of equal temperature in the convective region and the environment. We have further assumed that the speciﬁc humidity
and moist static energy of the air surrounding the model
domain are equal to that of the environment, and this has
allowed us to neglect horizontal advection of those two variables. Additionally, we have assumed that the area fraction of
convection is sufﬁciently small that we may neglect radiative
heating within the convective region and we may assume that
the mass convergence l(z) occurs exclusively into the
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environment. Note that the radiative effects of clouds may
still be included through the effect of detrained clouds on the
radiative heating of the environment Qrad.
For given values of entrainment e, detrainment d, large-scale
convergence l, and radiative cooling Qrad, the equation set
(4a)–(4g) represents seven equations in the eight unknowns Mc,
Me, q, q*, h, h*, scond, and sevap. The equation set may therefore
be solved given a parameterization for the evaporation rate
sevap. For example, Romps (2021) solved this set for the simple
case sevap 5 0. Here we instead follow Singh et al. (2019) and
apply a crude parameterization of evaporation given by
sevap 5 md(q* 2 q),

(5)

where m is a nondimensional constant measuring the importance of condensate evaporation in moistening the environment. As pointed out by Singh et al. (2019), (5) cannot be
justiﬁed rigorously, but it has the useful properties that sevap
increases with the rate of detrainment of mass from clouds and
decreases to zero as the environment approaches saturation.
Deﬁning the fractional entrainment rate  5 e/Mc and the
fractional detrainment rate d 5 d/Mc, and approximating the
relative humidity as R 5 q=q* , we may use (4a) and (4b) to
rearrange (4c)–(4f) to give the following:
Mc

q*
5 2 (1 2 R)Mc q* 2 scond ,
z

(6a)

q
5 d (1 1 m)(1 2 R)Mc q* ,
z

(6b)

h*
5 2 Ly (1 2 R)Mc q* ,
z

(6c)

h
5 d Ly (1 2 R)Mc q* 1 Qrad ,
z

(6d)

Me

Mc

Me

where we have used the ZBP assumption (4g) to write
h* 2 h 5 Ly (1 2 R)q* .
Following Singh et al. (2019), the equation set above may
be used to derive expressions for the relative humidity R and
the temperature lapse rate C 5 2zT. By approximating
z q 5 Rz q* , (6b) may be written as
R5

d (1 1 m)
,
d (1 1 m) 1 rg

(7)

where r 5 2Me/Mc and g 5 2zln(q*). Noting that q* 5
q*(T, p) is a thermodynamic function of temperature and
pressure, we may use the chain rule and hydrostatic balance to
write g in terms of the temperature lapse rate C (Romps 2014):

g5

Ly G
g
:
2
Ry T 2 Rd T

(8)

Here Rd and Ry are the gas constants for dry air and water
vapor, respectively, and we have neglected virtual effects.
To derive an equation for the temperature lapse rate C, we
differentiate the deﬁnition of the saturation moist static
energy to give
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h*
5 2 cp G 1 g 2 Ly gq* :
z

(9)

Substituting this expression into (6c) and using (8) gives, with
some rearrangement,
G 5 Gm 1

Ly q* (1 2 R)
,
q* L2y
cp 1
Ry T 2

(10)

where
q* Ly
  11
g
Rd T
Gm 5
cp
q* L2y
11
cp Ry T 2

(11)

is the moist adiabatic lapse rate.
Equations (7) and (10) give the essence of the thermodynamic model. As the net mass ﬂux rw increases, we expect
the upward mass ﬂux in convection to increase relative to the
downward mass ﬂux in the environment, resulting in a
decrease in the magnitude of r. According to (7), for a ﬁxed
detrainment rate d and evaporation parameter m, this leads to
an increase in relative humidity. According to (10), for a ﬁxed
positive entrainment rate , the troposphere becomes increasingly stable (smaller C) with increasing relative humidity, and
the lapse rate approaches that of a moist adiabat as the troposphere approaches saturation R → 1. Taken together, these
results suggest that the troposphere becomes moister and
more stable under large-scale ascent. However, the model is
not yet complete because we have not established a quantitative expression for r in terms of the vertical velocity w. The
full solution is derived in appendix A using a method adopted
from Romps (2021). Speciﬁcally, we use (6a)–(6d) and (1) to
ﬁnd closed expressions for the relative humidity R and temperature lapse rate C 5 2zT as a function of the vertical
velocity w, given the radiative heating rate Qrad, temperature
T, pressure p, entrainment rate , detrainment rate d , and
evaporation parameter m. The lapse rate is then integrated
vertically, in combination with the equation for hydrostatic
balance, to provide a complete thermodynamic proﬁle given
the temperature and pressure at a single level. In performing
such an integration, the entrainment and detrainment rates
should, in principle, be related via (4a), which may be written as
 lnMc
5  2 d:
z

(12)

For simplicity, here we follow Romps (2021) and neglect the
variation of the convective mass ﬂux with height, so that  5 d
at all heights. We test the range of validity of this approximation a posteriori.
The thermodynamic model requires as an input the radiative heating rate Qrad. Based on the observation that the
clear-sky cooling rate of the tropical atmosphere is strongly
constrained by the temperature dependence of the saturation
humidity (Hartmann et al. 2001), we specify Qrad to be a function of temperature T as follows:
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18
T $ Tm ,
Tt , T , Tm ,
T # Tt :

Here the left-hand side gives the negative temperature tendency
due to radiation in units of kelvin per unit time. The negative
temperature tendency is constant at a value K 5 1 K day21 in
the lower troposphere, begins to decrease in magnitude in the
midtroposphere at the temperature Tm 5 250 K, and reaches
zero at the tropopause temperature Tt 5 200 K (Fig. 1). These
parameters are set to roughly match the mean radiative cooling
proﬁle of a CRM simulation of RCE described in section 4.
Note that this simple parameterization neglects changes in the
radiative cooling rate associated with changes in the large-scale
circulation. While we expect circulation-induced changes in
the cloud and water vapor distribution to be important in setting
Qrad, the resultant effect on the circulation is likely to be a secondary effect.
Upon speciﬁcation of the entrainment rate , evaporation
parameter m and the temperature Tref and pressure pref at a
reference height zref, appendix A shows how the thermodynamic model may be used to ﬁnd the temperature and relative
humidity proﬁles of the atmosphere for a given vertical velocity proﬁle w(z). Within the troposphere, the relative humidity
is calculated from (A11) and the temperature is determined
by integrating (10) vertically. Within the boundary layer, at
levels below zb 5 500 m, the lapse rate is assumed to be dry
adiabatic, while above the tropopause, deﬁned as the level
at which T 5 Tt, the atmosphere is assumed to be isothermal. The relative humidity is only speciﬁed within the
troposphere.

b. Dynamic model
Due to the small value of the Coriolis parameter near the
equator, horizontal density gradients within tropical regions
imply large balanced velocities. As a result, such density gradients are weak in the tropics compared to higher latitudes
(Charney 1963). This observation has led a number of studies
to propose parameterizations of the large-scale circulation
suitable for limited-area numerical models that explicitly
relate the domain-averaged vertical velocity to a measure of
buoyancy calculated relative to a background thermodynamic
proﬁle (e.g., Sobel and Bretherton 2000; Raymond and Zeng
2005; Kuang 2008a). Based on these studies, we deﬁne the
dynamic model as an expression for the vertical velocity proﬁle w(z) of the form
w(z) 5 L(T 2 T0 ),

15

(13)

(14)

where L is a linear operator. While virtual effects are quantitatively important for assessing buoyancy anomalies in the
tropical atmosphere (Bao and Stevens 2021), for simplicity,
our dynamic model neglects such effects and is based on the
temperature anomaly in the ascent region relative to the
background state given by DT(z) 5 T 2 T0.

height (km)

⎛
⎜⎜⎜ K,
⎜⎜⎜ 


Qrad ⎜⎜⎜⎜ 1 1
Tm 2 T
⎜
2
5 ⎜⎜⎜ K 1 cos p
,
⎜⎜⎜ 2 2
Tm 2 Tt
rcp
⎜⎜⎝
0;

CRM

12

ZBP

9
6
3
0
-0.5

0

0.5

1

radiative cooling (K day

1.5
-1

)

FIG. 1. Proﬁle of radiative cooling 2Qrad/rcp in RCE according
to the CZBP model (black) and in the CRM simulation (gray).
The CZBP proﬁle given by (13) is evaluated using the temperature
proﬁle shown in Fig. 3a. The simulated proﬁle is taken as the horizontal and time mean over days 50–100.

Two separate methods have been developed to parameterize the vertical velocity via (14). The ﬁrst, known as the weak
temperature gradient (WTG) parameterization, assumes
that the large-scale circulation acts to relax the atmosphere
toward the background temperature proﬁle T0(z) (Sobel and
Bretherton 2000; Raymond and Zeng 2005; Wang and Sobel
2011). The second, known as the damped gravity wave
(DGW) parameterization, considers the interaction between
convection and a gravity wave with a single horizontal wavenumber (Kuang 2008a; Romps 2012a). Studies using CRMs
have shown that these methods result in substantially different vertical velocity proﬁles even under identical forcing
(Daleu et al. 2015, 2016; Romps 2012b). Here we will apply
both methods, and we will show that the CZBP model is able
to reproduce some of the main differences in the vertical
velocity proﬁles produced by the DGW and WTG parameterizations when applied to a CRM.

1) WEAK-TEMPERATURE GRADIENT PARAMETERIZATION
The WTG parameterization assumes that the temperature
tendency owing to vertical advection relaxes the atmosphere
toward the tropical-mean background temperature proﬁle.
Speciﬁcally, the vertical velocity is diagnosed via
2 w(z) max[Gd 2 G, Gmin ] 5 2

T 2 T0
,
tWTG

(15)

where C 5 2zT is the lapse rate, Cd 5 g/cp is the dry-adiabatic
lapse rate, and tWTG(z) is a height-dependent relaxation time
scale. To prevent unrealistically large diagnosed vertical velocities, we set Cmin 5 1 K km21 following Raymond and Zeng
(2005) and Wang and Sobel (2011).
Equation (15) is valid in the free troposphere, where gravity
waves efﬁciently remove buoyancy anomalies. We therefore
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apply (15) between the top of the boundary layer zb 5 500 m
and the tropopause zt, given by the height at which the temperature T 5 Tt. Below zb the vertical velocity is interpolated linearly
in height from its value at zb to zero at the surface, while above
zt the vertical velocity is assumed to be zero. We further set the
time scale of relaxation tWTG(z) to be large near zb and zt and
smallest in the midtroposphere. Speciﬁcally, we deﬁne

tWTG (z) 5

tmin
 WTG
,
z 2 zb
sin p
zt 2 zb

(16)

with the minimum value of the relaxation time scale tmin
WTG 5 3 h.
Raymond and Zeng (2005) and Sessions et al. (2010) used a
similar vertical proﬁle of tWTG(z) to apply the WTG method
to CRM simulations. Combining (15) and (16), we may write
an expression for the vertical velocity as follows:


z 2 zb
T 2 T0
,
(17)
w(z) 5 sin p
zt 2 zb tmin
WTG max[Gd 2 G, Gmin ]
which deﬁnes the dynamic model under the WTG parameterization.

2) DAMPED GRAVITY WAVE PARAMETERIZATION
A disadvantage of the WTG parameterization is that it
does not explicitly invoke the momentum equation in determining w(z). An alternate approach, introduced by Kuang
(2008a), is to consider the interaction between moist convection within a column of the atmosphere and a large-scale gravity wave with a single horizontal wavenumber k. Starting with
a linearized version of the anelastic momentum equation,
Kuang (2008a) showed that the large-scale vertical velocity
proﬁle at a given location satisﬁes



 
1 (rw)
Ty 2 Ty 0
1
,
(18)
5 2 k2 rg
z t tDGW z
Ty 0
where tDGW is a damping time scale, r(z) and Ty(z) are the
density and virtual temperature proﬁles of the given column,
respectively, and Ty 0(z) is a background virtual temperature
proﬁle. In our dynamic model, we consider the steady-state
limit, neglect virtual effects, and assume tDGW is independent
of height so that the vertical velocity satisﬁes
2 (rw)
T 2 T0
5 2 (tDGW k2 rg)
,
z2
T0

(19)

where r(z) is the density proﬁle of the ascent region. We follow Wang et al. (2013) and Daleu et al. (2015, 2016) to set
tDGW 5 24 h and k 5 1026 m21. The dynamic model under
the DGW parameterization is obtained by solving (19)
numerically using Thomas’s algorithm with the boundary conditions that w 5 0 at z 5 0 and z 5 zt.

c. Coupling
We may describe the thermodynamic model derived above
as a function T that gives the temperature and relative
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humidity proﬁles as outputs and takes the vertical velocity
proﬁle w(z) and a set of parameters as inputs:
[T(z), R(z)] 5 T [w(z), , m, Tref , pref , zref ]:

(20)

Similarly, we may describe the dynamic model as a function
W that gives the vertical velocity proﬁle as an output and
takes the temperature proﬁle T(z) and a background temperature proﬁle T0(z) as inputs:
[w(z)] 5 W[T(z), T0 (z)]:

(21)

The precise form of W depends on whether one implements
the WTG or DGW parameterization.
To couple the thermodynamic and dynamic models
together, we ﬁrst calculate the background proﬁles of temperature T0(z) and relative humidity R0 (z). Since these proﬁles
represent the tropical mean state, we deﬁne them as the solution of the thermodynamic model under RCE conditions.
That is, we set
[T0 (z), R0 (z)] 5 T [w0 (z);, m, T ref , pref , zref ],

(22)

where w0(z) 5 0. For this calculation, we choose a midtropospheric value of zref 5 8 km, and we set Tref and pref to match
the mean temperature and pressure at 8 km from a CRM simulation of RCE described in section 4. We further set the
parameters  5 0.6 km21 and m 5 1.5 in order to provide a
good ﬁt to the mean temperature and relative humidity proﬁles of this RCE simulation. This ﬁtting procedure is
described in appendix B. Having matched the theoretical
RCE solution to the time-mean proﬁles from a CRM simulation, we hold these parameters ﬁxed in the calculations to follow (Table 1).
To calculate the temperature and relative humidity proﬁles
in the ascent region, we calculate new proﬁles T1(z) and
R1 (z) by applying the thermodynamic model to a reference
state with a positive temperature anomaly DTref,
[T1 (z), R1 (z)] 5 T [w0 (z);«, m, T ref 1 DT ref , pref , zref ]:
This allows the dynamic model to be used to calculate a new
vertical velocity proﬁle w1(z) given by
[w1 (z)] 5 W[T1 (z), T0 (z)]:

(23)

However, the vertical velocity w1(z) is not consistent with the
thermodynamic proﬁles T1(z) and R1 (z), since the thermodynamic proﬁles were calculated assuming zero vertical velocity.
We therefore conduct an iteration procedure whereby the
proﬁles at step i are calculated from the vertical velocity proﬁle at step i 2 1 via
[Ti (z), Ri (z)] 5 T [wi21 (z);, m, T ref 1 DT ref , pref , zref ],
[wi (z)] 5 cW[Ti (z), T0 (z)] 1 (1 2 c)wi21 (z),
and the process is repeated until the vertical velocity proﬁle
converges. Here the parameter c is introduced to stabilize
the iteration. We ﬁnd c 5 0.4 provides a convergent solution for all cases we tested. Here, we set the criterion for
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TABLE 1. Parameters used in the solution of the CZBP model.
Parameter
Depth of boundary layer
Thermodynamic model
Entrainment rate
Evaporation parameter
Reference height
Reference temperature
Reference pressure
Radiation parameters
Radiative cooling rate
Midtropospheric temperature
Tropopause temperature

Value
zb

500 m


m
zref
Tref
pref

0.6 km21
1.5
8.0 km
243.8 K
370 hPa

K
Tm
Tt

Dynamic model
Tropopause height
zt
WTG parameterization
Minimum relaxation time scale t min
WTG
Minimum lapse rate
Gmin
DGW parameterization
Wavenumber
k
Damping time scale
tDGW

1.0 K day
250 K
200 K
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(12). However, it is practically difﬁcult to achieve convergence
in this case because (12) connects the detrainment rate to the
vertical derivative of the mass ﬂux. We therefore retain the
approximation  5 d , which is valid provided the vertical variation of the mass ﬂux with height remains small, and we leave
incorporation of a height-dependent detrainment rate to
future work.

3. Results
a. Background (RCE) state
21

Height where T 5 Tt
3.0 h
1.0 K km21
1026 m21
24 h

convergence to be when |wi (z) 2 wi21 (z)| , 1 3 1029 m s21
at all levels.
As mentioned previously, we choose zref 5 8 km so that
DTref represents a temperature anomaly in the midtroposphere. This is motivated by the solutions themselves, which
show a direct relationship between the temperature anomaly
in the mid troposphere and the strength of the resulting largescale ascent. We discuss the sensitivity of the CZBP model to
this choice in the next section.
The procedure above describes the complete solution of
the CZBP model, and it is summarized schematically in Fig. 2.
Note that, even once convergence has been achieved, the
solution remains inconsistent because of our assumption that
 5 d throughout the troposphere. In principle, one could
take  as ﬁxed and recalculate d at each iteration to satisfy

Figure 3 shows the background thermodynamic proﬁles
according to the CZBP model, given by the RCE solution for
which w(z) 5 0. The temperature proﬁle T0(z) decreases with
height from the surface up to the tropopause, above which
the stratosphere is assumed to be isothermal. Due to the
effect of entrainment, the lapse rate within the troposphere is
larger than that of a moist adiabat, implying nonzero convective available potential energy (Singh and O’Gorman 2013;
Seeley and Romps 2015).
The background relative humidity proﬁle R0 (z) also monotonically decreases with height from a maximum of roughly
0.9 at the top of the boundary layer to 0.5 at the tropopause
(Fig. 3b). This contrasts with the C-shaped relative humidity
proﬁle, with a minimum in the midtroposphere and maxima
near the boundary layer and the tropopause, found by Romps
(2014) using a similar model of RCE based on the ZBP
assumption. The reason for this discrepancy is that here we
have neglected the variation of the convective mass ﬂux with
height by setting  5 d . Romps (2014), on the other hand,
assumes a ﬁxed fractional entrainment rate but allows the
detrainment rate to vary in order to satisfy (12). This implies
that, as the convective mass ﬂux decreases toward zero near
the tropopause, the fractional detrainment rate increases
toward inﬁnity and the relative humidity approaches one.
Therefore, the assumptions of an invariant convective mass
ﬂux and a constant fractional detrainment rate are invalid at
levels near the tropopause, and our CZBP solution for the
relative humidity becomes inaccurate at those levels. In

FIG. 2. Schematic representation of the iterative solution of the CZBP model. The upper branch shows the calculation of the RCE background state, representing the tropical-mean thermodynamic proﬁles, while the lower branch
shows the calculation of the thermodynamic proﬁles in the ascent region based on the vertical velocity proﬁle from
the previous iteration. The two branches are then input to the dynamic model to calculate a new vertical velocity proﬁle, which is then used as input for the next iteration.
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mean over days 50–100. The dotted line in (a) gives the moist adiabat calculated by integrating the CZBP model upward from the
level zb 5 500 m with the entrainment rate set to zero.
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principle, this inaccuracy may affect the temperature at all
levels through the iteration procedure and the elliptic operator in the DGW parameterization. However, since the effect
of entrainment on the lapse rate is proportional to the absolute humidity deﬁcit, and since the saturation humidity at levels near the tropopause is orders of magnitude smaller than in
the lower troposphere, the effect on the temperature proﬁle is
likely to be negligible (see also section 3c below).

b. Structure of the ascent region
We now consider the solution for the ascent region. We
solve the CZBP model for positive temperature anomalies
DTref 5 1, 2, and 3 K at a height zref 5 8 km using the DGW
and WTG dynamic models. In all cases, the temperature
anomaly proﬁle DT(z) increases with height through most of
the troposphere, reaching a maximum just below the tropopause (Figs. 4a,c). For the DGW solutions, this leads to negative values DT(z) , 0 in the boundary layer and lower
troposphere, whereas in the WTG solutions the temperature
anomaly remains positive but becomes negligible in the
boundary layer and lower troposphere. The change in sign of
DT(z) with height in the DGW solutions is a particularly surprising feature of the CZBP model, and it implies that the
boundary layer of the ascent region is colder than that of
the tropical mean. A further important characteristic of the
CZBP model is that it is nonlinear. The proﬁles of DT(z) do
not simply scale with the imposed anomaly DTref; rather, as
DTref becomes larger, the shape of the proﬁle changes so that
the normalized temperature anomaly DT(z)/DTref increases in
the lower troposphere and decreases in the upper troposphere
(Figs. 4b,d).
To understand the above results, we consider the factors
controlling the lapse rate within the CZBP model. A proﬁle
of DT(z) that increases with height indicates that the ascending region has a lower lapse rate (is more stable) than the
tropical-mean background state. In the CZBP model

d
1

230

temperature (K)

height (km)

200

WTG

c
3

3

2

height (km)
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temp. anomaly (K)

4

-1

0

1

normalized temp. anomaly

FIG. 4. Proﬁles of (a),(c) temperature anomalies DT(z) and
(b),(d) temperature anomalies normalized by the reference temperature anomaly DT/DTref according to the CZBP model under
the (top) DGW and (bottom) WTG parameterizations. Colors represent values of DTref of 1, 2, and 3 K as labeled in (a) and (c). Dotted lines in (b) and (d) give results for the solution of the CZBP
model with the entrainment rate  5 0.

solutions, this lapse rate variation is primarily a result of convective entrainment. This may be seen by considering the
model for the case of zero entrainment ( 5 0; dotted lines on
Figs. 4b,d). In this case, entrainment plays no role in setting
the lapse rate of the ascent region or the tropical-mean background state, and the relative humidity becomes immaterial
to the solution [formally, (7) simpliﬁes to R 5 0 in this case].
The  5 0 case therefore corresponds to the assumption of
moist adiabatic lapse rates in the troposphere. Under this
assumption, the temperature dependence of the moist-adiabatic
lapse rate leads to a proﬁle of DT(z) that increases with height
(see also Yu and Neelin 1997), but the increase is much weaker
than for the solutions that include entrainment. Additionally,
when entrainment is set to zero, the shape of the DT(z) proﬁle is
independent of the dynamic model and virtually independent of
DTref (for this reason only a single  5 0 solution is plotted in
Figs. 4b and 4d).
When entrainment is included in the CZBP model, the
lapse rate becomes larger (less stable) than that of a moist
adiabat by an amount that increases with decreasing relative
humidity. It is important to note that entrainment affects the
lapse rate of both the ascent region and background state, but
the magnitude of the effect is different because the relative
humidity in the ascent region is different to that of the background state. Speciﬁcally, the model predicts that the midtropospheric relative humidity in the ascent region is higher than
in the background state (Fig. 5), implying that the ascent
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region has a smaller (more stable) lapse rate, and providing
an explanation for the strong increase with height of DT(z).
Furthermore, the changes in relative humidity of the ascent
region with DTref are nonlinear; in the lower troposphere,
R(z) remains similar to its RCE value when DTref is small,
and it only begins to increase when the magnitude of
DTref ⲏ 2 K. This nonlinearity helps to explain the changes in
the shape of the proﬁle of DT(z) discussed above.
We next consider the proﬁles of the large-scale vertical
velocity w(z). Both the WTG and DGW solutions show
ascent over most of the troposphere, with vertical velocity
proﬁles that are “top heavy,” peaking at roughly 9 km
(Fig. 6). For the WTG parameterization, the vertical velocity
at a given level z is proportional to the temperature anomaly
DT(z). The proﬁle of w(z), with small values in the lower troposphere and a sharp peak in the upper troposphere, may
therefore be understood to be a direct consequence of the
proﬁle of DT(z) modulated by an expression involving the
lapse rate and time scale tWTG(z) in the denominator of (17).
In the DGW case, the vertical velocity is related to DT(z)
through second-order differential equation, such that the temperature anomaly at one level affects the vertical velocity at
multiple levels. This results in a smoother proﬁle of w(z).
By comparing the above results to the solutions for  5 0,
we may deduce the role of entrainment in determining the
large-scale vertical velocity proﬁle according to the CZBP
model. As noted previously, the  5 0 solutions are nearly linear in the magnitude of the temperature anomaly DTref, and
we plot them as single curves on Figs. 6b and 6d. Furthermore, the CZBP model under zero entrainment has a close
connection to the QE dynamics framework introduced by
Neelin and Zeng (2000) and used in many theoretical studies
of tropical dynamics (e.g., Zeng et al. 2000; Emanuel 2007;
Levine and Boos 2016;Wills et al. 2017). Like the  5 0 solutions, QE dynamics requires that the tropospheric lapse rate
always remains close to that of a moist adiabat. This leads to a
truncated set of equations for describing tropical overturning
circulations in which the vertical velocity is represented by a
single ﬁrst-baroclinic-mode structure function. As shown in

0.15

WTG

1

relative humidity

FIG. 5. Proﬁles of relative humidity according to the CZBP
model under the (a) DGW and (b) WTG parameterizations (blue
lines) with temperature anomalies at 8 km of DTref 5 1, 2, and 3 K
as labeled. The black line shows RCE solution.
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FIG. 6. As in Fig. 4, but for proﬁles of (a),(c) vertical velocity and
(b),(d) vertical velocity normalized by its maximum value.

appendix C, this structure function is identical to the  5 0
solution for w(z) under the DGW parameterization. The
CZBP model under the DGW parameterization may therefore be seen as an extension of the QE dynamics framework
to include the effects of convective entrainment.
In both the WTG and DGW cases, entrainment leads to a
more top-heavy proﬁle of w(z). Although this only marginally
affects the level at which w(z) maximizes, it has a strong effect
on the size of the vertical velocity within the lower troposphere relative to that in the upper troposphere. For example,
negative (downward) vertical velocities appear at low levels
in the DGW solutions for DTref # 2 K, extending up to 3 km
for the case with DTref 5 1 K. On the other hand, when  is
set to zero, the vertical velocity is positive at all levels. These
results are not sensitive to the proﬁle of entrainment assumed
in the CZBP model. Alternate calculations in which the
entrainment rate was assumed to vary according to  ∝ 1/z
showed vertical velocity proﬁles with a similar increase in topheaviness relative to the no entrainment case (not shown).
The top-heaviness of the vertical velocity proﬁle is of particular importance for determining the energy transport associated with large-scale overturning circulations in the tropics
because it affects the gross moist stability (Neelin and Held
1987; Raymond et al. 2009). According to the CZBP model,
moist convective entrainment plays an important role in controlling the w(z) proﬁle, and therefore in controlling the gross
moist stability. Note, however, that entrainment does not play
a major role in explaining the differences in the vertical velocity proﬁles obtained using the DGW and WTG methods.
Both with and without entrainment, the WTG solution has a
much more top-heavy structure and a sharper peak of w(z) in

Brought to you by MONASH UNIVERSITY LIBRARY | Unauthenticated | Downloaded 06/10/22 04:44 AM UTC

JOURNAL OF CLIMATE

1) The imposed anomaly DTref implies that the atmosphere
is warmer than the tropical mean in the midtroposphere.
According to the dynamic model, this results in largescale upward motion.
2) Under large-scale ascent, moistening of the environment
through convective detrainment increases relative to drying of the environment by subsidence, and the thermodynamic model predicts that the relative humidity of the
ascent region is higher than the tropical mean (Singh et al.
2019).
3) According to the ZBP approximation, a higher relative
humidity is associated with a stabilization of the atmosphere. This results in the ascending region having a
smaller lapse rate than that of the tropical mean, leading
to the temperature anomaly DT(z) being large at upper
levels relative to lower levels.
4) According to the dynamic model, a temperature anomaly
proﬁle that is upper-troposphere ampliﬁed leads to a topheavy vertical velocity proﬁle, with weak, or even downward vertical motion at low levels and strong ascent aloft.
While we have shown results based on temperature anomalies DTref imposed at zref 5 8 km, the CZBP model may be
solved for a variety of different reference levels. In general,
the model produces top-heavy vertical velocity proﬁles with
maxima near 9 km irrespective of whether the reference level
is in the upper or lower troposphere. But there are also some
important sensitivities to zref. For example, for a given value
of DTref, taking zref 5 3 km results in stronger ascent than for
the zref 5 8 km case, while the negative vertical velocities at
low levels discussed above are eliminated from the solution.
This is because, in the zref 5 3 km case, the temperature
anomaly DT(z) at 3 km is by deﬁnition positive, while it is
close to zero or negative in the zref 5 8 km solutions. Since
ascending motion in the CZBP model solutions is associated
with positive temperature anomalies in the middle to upper
troposphere but may be associated with either positive or negative temperature anomalies in the lower troposphere, we
focus on the zref 5 8 km solutions here and in our comparison
to CRM simulations below.
A key aspect of the CZBP model is that it provides a
framework to understand the effects of convective mixing and
microphysical processes, as represented by the entrainment
rate  and evaporation parameter m, on the large-scale thermodynamic and dynamic structure of the tropical atmosphere.
In the next section, we demonstrate the utility of this framework by comparing the predictions of the CZBP model to
those based on simulations using a CRM with a parameterized
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the upper troposphere than the corresponding DGW solution.
These differences are largely a result of the differences
between the dynamical models (15) and (19) irrespective of
the details of the thermodynamic model. Comparing to estimates of observed proﬁles of large-scale ascent (Handlos and
Back 2014), it is the DGW proﬁles that appear more realistic.
Combining the results above, we may summarize the
response of the CZBP model to an imposed midtropospheric
temperature anomaly DTref as follows:
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FIG. 7. (a) Convective mass ﬂux Mc(z) and (b) fractional vertical
derivative of the convective mass ﬂux zlnMc according to the
CZBP model for the RCE case (black) and for the DGW parameterization (blue) with temperature anomalies at 8 km of 1, 2, and
3 K as labeled. Gray lines in (b) mark the location where
|zlnMc| 5  and gray shading shows regions where |zlnMc| , 0.3.

large-scale circulation. Before we do so, however, we brieﬂy
evaluate the self-consistency of the model with respect to the
assumption that  5 d .

c. Self-consistency
In solving the thermodynamic model, the fractional entrainment and detrainment rates were assumed to be equal, and
the fractional vertical gradient of the convective mass ﬂux
z ln Mc was neglected in (12). To evaluate the validity of this
assumption, we use (A13) to calculate the vertical proﬁle of
the convective mass ﬂux for the solutions described in the previous subsection (Fig. 7a). We focus on the RCE solution and
the solution calculated under the DGW parameterization
because the associated vertical velocity proﬁles are more representative of observational estimates of large-scale ascent
(see, e.g., Handlos and Back 2014) than for the WTG case.
For the RCE state, Mc(z) varies relatively weakly through
most of the troposphere, except near the tropopause where
the mass ﬂux decreases to zero. In the DGW solutions, the
domain experiences net ascent, and the mass ﬂux is increased
relative to RCE, particularly in the middle and upper troposphere. While the precise shape of the mass-ﬂux proﬁle is
dependent on the entrainment formulation we use, we ﬁnd
similar mass-ﬂux proﬁles when the entrainment is assumed to
be proportional to 1/z rather than constant with height (not
shown).
The mass-ﬂux proﬁles associated with large-scale ascent in
Fig. 7a differ somewhat from recent observational estimates
of mass ﬂuxes in convecting regions in the tropics, which generally show a rapid increase from the surface to the lower troposphere (3–4 km) and a gradual decrease above (Kumar
et al. 2015; Schiro et al. 2018; Savazzi et al. 2021). This discrepancy may partially be a result of different deﬁnitions of
mass ﬂux; observational studies generally use a cloud
updraft–based deﬁnition, which may not capture all of the
ascending air, while in our case Mc(z) represents the
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ascending part of the domain and must be larger in magnitude
than the net mass ﬂux given by rw. However, the discrepancy
may also indicate differences between observed ascent proﬁles and those given by the CZBP model; detailed comparison of the CZBP model to observations is left for future
work.
The mass-ﬂux proﬁles demonstrate that the approximation
 5 d is relatively well justiﬁed for the RCE case and for the
DGW case with the weakest imposed temperature anomaly.
In these cases, |z lnMc | ⱗ 0:3 over most of the troposphere
(Fig. 7b), allowing this term to be neglected in (12). The
exception is near the tropopause; as already discussed, Mc → 0
at the tropopause, and the fractional detrainment rate required
to satisfy (12) becomes large, implying a failure of the assumption  5 d , and rendering the solution for relative humidity inaccurate. At these levels, however, the smallness of the saturation
humidity implies that variations in relative humidity have a negligible effect on the lapse rate, and this inaccuracy is unlikely to
strongly affect the temperature anomaly proﬁle DT(z) or the
resultant vertical velocity proﬁle.
For cases with stronger imposed temperature anomalies,
the fractional variation of the convective mass ﬂux becomes
signiﬁcant, with values of z ln Mc approaching the fractional
entrainment rate in the lower troposphere. Speciﬁcally, the
magnitude of z ln Mc reaches maximum values of 0.6 and
0.7 for DTref 5 2 and 3 K, respectively. In these cases, assuming  5 d introduces some error into the solution. Keeping in
mind the potential inﬂuence of such errors, we now compare
the CZBP solution to simulations using a CRM.

4. Comparison to cloud-permitting simulations
a. Model description
We perform simulations of a region of the atmosphere
experiencing large-scale ascent using a CRM coupled to the
DGW and WTG parameterizations. The model used is version 6.11.3 of the System for Atmospheric Modeling (SAM;
Khairoutdinov and Randall 2003). SAM solves equations for
the momentum, liquid/ice water static energy, water vapor,
and precipitating and nonprecipitating condensate in three
dimensions under the anelastic approximation. Shortwave
and longwave radiative transfer is parameterized using the
Rapid Radiative Transfer Model (RRTM; Clough et al.
2005), and cloud microphysics is treated using a one-moment
scheme in which the hydrometeor partitioning is deﬁned as a
simple function of temperature. The effect of subgrid-scale
motions is accounted for via a Smagorinsky turbulence scheme,
but there is no explicit boundary layer parameterization.
We conduct simulations on a doubly periodic square
domain with 96 grid points in each horizontal direction and 74
vertical levels. The horizontal grid spacing is 1 km and the
vertical grid spacing increases from 75 m at the surface to
500 m at 3 km, remaining constant to the model top of 33 km.
The lower boundary is a water surface held at a ﬁxed temperature. Turbulent ﬂuxes of momentum, energy, and water
vapor between the surface and the atmosphere are evaluated
using bulk aerodynamic formulas with exchange coefﬁcients

estimated using Monin–Obukhov similarity theory. For the calculation of the surface ﬂuxes, a minimum wind speed of 1 m s21
is assumed. Newtonian damping is applied to the upper 30% of
the domain to minimize gravity wave reﬂection from the rigidlid upper boundary. We neglect the effects of Earth’s rotation
by setting the Coriolis parameter to zero. The model conﬁguration used here is identical to that of Singh et al. (2019), but
rather than simulating the convective response to an imposed
vertical velocity proﬁle, we couple the model to large-scale
dynamics using the DGW and WTG parameterizations.

b. Simulation design
To apply the DGW and WTG parameterizations, we ﬁrst
calculate a background state, representing the tropical mean,
by simulating a state of RCE. For the RCE simulation, the surface temperature is set to 300 K, and following the RCEMIP
protocol (Wing et al. 2018), the model is initialized with analytic proﬁles of temperature and humidity and seeded with
random noise in the temperature ﬁeld to initiate convection.
The model is then run for 100 days with no diurnal cycle;
solar insolation is assumed to be ﬁxed to 551.58 W m22 at a
zenith angle of 42.058. The horizontal and time mean from the
last 50 days of this RCE simulation is taken to be the background state.
Simulations of the ascent region are then conducted by
increasing the surface temperature by 1 K, reinitializing the
model from the background state, and applying either the DGW
or WTG parameterization. In both cases, a large-scale vertical
velocity proﬁle w(z) is calculated at each model time step based
on the mean thermodynamic proﬁle of the model and that of the
background state. This vertical velocity is then used to calculate
advective tendencies of liquid/ice water static energy advh and
speciﬁc humidity advq,


T
advh 5 2 w(z) Gd 1
,
z
advq 5 2 w(z)

q
,
z

which are added to the relevant prognostic equations within
the model. Here T and q are the horizontal-mean temperature and speciﬁc humidity in the simulation, respectively. This
implementation neglects advection of condensed water species by the large-scale vertical velocity, and it neglects horizontal variations in temperature and speciﬁc humidity when
calculating the advective tendencies.
In the WTG case, the vertical velocity w(z) is calculated
using (17), with T given by the horizontal-mean temperature
of the simulation and T0 given by the temperature of the reference state. We set the height to which (17) is applied to zt 5
14 km, given by the level at which the lapse rate in the background state decreases to 2 K km21. In the DGW case, the
vertical velocity w(z) is calculated using an equation similar to
(19), but the temperatures T and T0 are replaced by their corresponding virtual temperatures to account for the effect of
water vapor on density, and we set zt 5 20 km. All other
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FIG. 8. Proﬁles of (a),(d) temperature anomaly DT(z), (b),(e) relative humidity R(z), and
(c),(f) vertical velocity w(z) under the (top) DGW and (bottom) WTG methods according to the
CZBP model (blue) and in CRM simulations (gray). Simulated proﬁles are taken as the horizontal and time mean over days 50–100 and the CZBP model is solved with the temperature anomaly at 8 km equal to that of the corresponding CRM simulation. Note that (b) and (e) show the
relative humidity of the RCE background state R0 (z) according to the CZBP model in black.
Dotted lines in (a), (c), (d), and (f) show CZBP model solution with the entrainment rate « 5 0.

parameters for both the DGW and WTG parameterizations
are identical to those in Table 1.
The WTG and DGW simulations represent estimates of
the response of the atmosphere to a localized 1-K increase in
the SST, and on physical grounds we expect the large-scale
vertical velocity to be characterized by ascent through most of
the troposphere. We run each case for 100 days, and we take
the mean over the last 50 days to represent the steady-state
response, which we will compare to the solution of the CZBP
model below.

c. Comparison of CZBP and cloud-permitting simulations
We ﬁrst compare the CZBP model to the CRM for the
RCE background state. The mean temperature and relative
humidity proﬁles of the RCE simulation are well reproduced
by the CZBP model (Fig. 3). To some extent, this is to be
expected since the radiation parameters of the CZBP model
were set to roughly match the mean radiative cooling proﬁle
in the RCE simulation (Fig. 1) and the parameters  and m
were optimized to reproduce the simulated RCE state as
described in appendix B. But even taking these parameter
choices into account, the ability of the CZBP model to reproduce the vertical structure of the background state relative
humidity R0 (z) is impressive given its simplicity.
Since the entrainment and evaporation parameters were
ﬁxed based on the RCE background state, a more challenging

test of the CZBP model is to examine the WTG and
DGW cases. Figure 8 shows the mean proﬁles of the temperature anomaly DT(z), relative humidity R(z), and
large-scale vertical velocity w(z) in the CRM simulations
and according to the CZBP model for both dynamic models. Here, the CZBP model is solved by setting DTref, the
value of the temperature perturbation at the reference
height zref 5 8 km, to match the corresponding temperature perturbation in the simulations. Speciﬁcally, we set
DTref equal to 2.23 and 2.52 K in the DGW and WTG
cases, respectively.
The CZBP model reproduces a number of important features of the simulated thermodynamic proﬁles (Figs. 8a,b,d,e).
For both the CRM and CZBP model, the temperature anomaly proﬁle DT(z) is ampliﬁed in the upper troposphere, and
the tropospheric relative humidity is higher in the ascending
region than in the RCE background state. For the CRM simulations, the temperature anomaly proﬁle is negative at low
levels for both the DGW and WTG cases, and this is reproduced by the CZBP model for the DGW case. Under both
dynamical models, the CZBP solution with entrainment
provides a better reproduction of the CRM results than
the  5 0 case. This provides evidence for a role of entrainment in setting the lapse rate of the ascending region of
large-scale circulations, even when the effects of gravity
waves in redistributing buoyancy anomalies is taken into
account.
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The CZBP model is also able to reproduce important characteristics of the simulated vertical velocity proﬁles (Figs.
8c,f), including the main differences between the DGW and
WTG cases, and the increased top-heaviness of the proﬁles
relative to the  5 0 solution. For the DGW method, the vertical velocity proﬁle given by the  5 0 solution corresponds to
the ﬁrst-baroclinic mode structure of QE dynamics (see
appendix C). The fact that both the CZBP model and CRM
give w(z) proﬁles that are more top-heavy than the QE ﬁrstbaroclinic mode indicates the importance of considering convective entrainment in determining the vertical structure of
the large-scale overturning circulation. Indeed, given the
importance of the vertical structure of w(z) for the gross moist
stability, our results also point to a role for entrainment in
determining energy transport within and out of the tropics.
The region where the results of the CZBP model and CRM
are most different is in the upper troposphere (z ⲏ 9 km),
where the CZBP model overestimates the temperature anomaly DT(z). Previous studies have noted that the coupling
between convection and the lapse rate is weaker in the upper
troposphere compared to the lower troposphere (Kuang
2008b; Tulich and Mapes 2010), allowing other effects, such as
radiation, to play a role in determining the temperature
anomaly. Since the CZBP model does not include such
effects, it is unsurprising that it is less accurate in the upper
troposphere.
For the DGW case, the CZBP model underestimates the
magnitude of the simulated vertical velocity as well as the
height to which positive values of w(z) extend. This is partially related to the differences in the DT(z) proﬁles described
above, but it is also because, in the CZBP model, we apply
the upper boundary condition on (19) at the tropopause,
above which DT(z) 5 0. In the simulations, (19) is solved for
heights between the surface and 20 km, and the vertical velocity is also inﬂuenced by temperature anomalies that exist
above the tropopause.
Given the approximations inherent in the CZBP model, in
particular, the crudeness of its representation of condensate
re-evaporation, the neglect of the vertical variation of the convective mass ﬂux, and the overall simplicity of the steady-state
bulk-plume approach, the model provides a remarkable
reproduction of the thermodynamic and dynamic proﬁles simulated by the CRM. This suggests that the CZBP model may
be useful for understanding observed tropical circulations. A
key challenge to such applications is that the WTG and DGW
methods represent severely truncated representations of the
dynamics; applying the CZBP framework developed here to
more complete dynamical treatments is therefore an important avenue for future work.

5. Summary and discussion
We have constructed a simple steady-state model for the
interaction between moist convection and large-scale ascent
in the tropics. The model applies the ZBP approximation to
determine the temperature and humidity proﬁles in a region
of ascent, and it applies the WTG and DGW parameterizations to couple these thermodynamic proﬁles to the large-
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scale circulation. The CZBP model thereby provides a framework for relating the effects of mixing and microphysics in
moist convection to the large-scale thermodynamic and
dynamic structure of the atmosphere.
According to the CZBP model, convective entrainment
and detrainment, respectively, result in a stabilization and
moistening of the ascent region of a large-scale circulation relative to the tropical-mean background state. The stabilization
affects the shape of the vertical velocity proﬁle, causing it to
become increasingly top-heavy. In particular, under the
DGW parameterization, the vertical velocity is found to correspond to the ﬁrst-baroclinic-mode structure of QE dynamics
when the entrainment rate is set to zero and the tropospheric
lapse rates of both the ascent region and the tropical mean
state are assumed to be moist adiabatic. When entrainment is
included, the vertical velocity in the lower troposphere is
reduced relative to that in the upper troposphere, and if the
circulation is not too strong, the vertical velocity even
becomes negative at low levels.
The results of the CZBP model were found to be consistent
with the behavior of CRM simulations in which the largescale circulation is parameterized, building conﬁdence in the
applicability of the CZBP model to problems of relevance for
the tropical atmosphere. In particular, the model may provide
a link between the details of convective-scale mixing and the
gross moist stability of the resultant convectively coupled
large-scale circulation. The gross moist stability is of particular importance for understanding energy transport within the
tropics (e.g., Neelin and Held 1987; Raymond et al. 2009) and
in theories of intraseasonal variability (e.g., Raymond and
Fuchs 2009).
Kuang (2011) also developed a theory for the gross moist
stability based on the DGW representation of tropical dynamics. He showed that the top-heaviness of the vertical velocity
proﬁle increased with the wavenumber k and attributed this
to the larger temperature anomalies required to maintain a
given divergent ﬂow at longer wavelengths. In the CZBP
model, the magnitude of the temperature anomalies are set
by the imposed value of DTref. Nevertheless, preliminary
investigations indicate that, consistent with Kuang (2011), the
top-heaviness of the vertical velocity w(z) is reduced for
smaller values of k at a ﬁxed entrainment rate, and the proﬁle
approaches the QE ﬁrst-baroclinic-mode proﬁle given by the
 5 0 solution as k → 0. A detailed investigation of this wavelength dependence is beyond the scope of the current
manuscript.
Our results provide support for the application of the ZBP
approximation in determining the lapse rate locally within
convecting regions of the tropics. Romps (2021) recently
questioned such an application, arguing that the required horizontal gradients in temperature are larger than those
observed. For the cases we considered, both the CZBP model
and CRM simulations imply horizontal temperature differences of 2–4 K in the upper troposphere; Bao and Stevens
(2021) found that temperature and virtual temperature anomalies of this magnitude were present along the equator in a
global cloud-permitting simulation, but only on planetary
scales. Consistent with this, Ahmed et al. (2021) used a linear
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equatorial beta-plane model to argue that local convective
adjustment of the tropospheric lapse rate is a good approximation for disturbances with sufﬁciently long wavelengths.
Determining the precise spatial scales over which the ZBP
approximation may be relevant in the tropics requires careful
observational investigation that we hope to pursue in future
work. Promisingly, a number of previous studies have
reported negative correlations between lower-tropospheric
stability and humidity in convective regions that are at least
qualitatively consistent with the CZBP model (Singh and
O’Gorman 2013; Gjorgjievska and Raymond 2014; Raymond
et al. 2015; Raymond and Fuchs-Stone 2021).
A surprising aspect of the CZBP solutions is that they suggest that the ascent region has a similar or lower temperature
than the tropical mean at low levels, and for the DGW parameterization, this leads to downward vertical motion at these
levels. While similar low-level cold anomalies coupled with
descent were also found in the CRM simulations (see also
Kuang 2011), observed tropical ascent regions occur where
the boundary layer is anomalously warm and moist (Nie et al.
2010) and are characterized by upward motion at all levels
within the troposphere (Handlos and Back 2014). Preliminary
analysis indicates that low-level descent is not present for the
DGW parameterization when the wavenumber k is decreased
(see also Kuang 2011), and this further suggests that the
CZBP model may be most applicable to planetary-scale ﬂows.
The CZBP solutions are governed by the external parameter DTref, which here we take as the temperature anomaly
in the middle troposphere. Ideally, one would connect the
dynamic and thermodynamic structure of the atmosphere
directly to imposed SST anomalies for a closer analog to
the CRM simulations. But developing such a connection is
made difﬁcult by the opposite signed temperature anomalies in the upper and lower troposphere already mentioned.
A theoretical model that directly connects the dynamic
response of the atmosphere to imposed SST anomalies
remains the subject of ongoing work.
A limitation of the CZBP model is that the WTG and
DGW dynamic models that allow for coupling to the largescale circulation represent truncations of the full dynamical
equations; real overturning circulations include a range of
wavenumbers and cannot be represented by a relaxation to
the tropical-mean proﬁle over a single time scale. Moreover,
our framework neglects the role played by balanced dynamics
in inﬂuencing the atmospheric thermal structure highlighted
recently by Raymond et al. (2015), but its reliance on the
steady-state assumption renders it applicable only to circulations that evolve sufﬁciently slowly (Singh et al. 2019). Finally,
the CZBP model does not account for known differences in
the efﬁciency with which convection couples to the large-scale
thermodynamic state in the lower troposphere compared to
the upper troposphere (e.g., Kuang 2008b; Tulich and Mapes
2010). These limitations may prevent the CZBP model from
admitting solutions comprising “shallow” circulations, in
which the vertical velocity proﬁle peaks in the lower troposphere, that are known to be important for understanding the
tropical precipitation distribution (Back and Bretherton
2009b,a; Duffy et al. 2020).
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Despite the above caveats, future work to apply the CZBP
model to a wider range of circumstances represents a promising avenue for understanding the interaction between moist
convection and large-scale circulations in the tropics. In particular, a forthcoming manuscript by the authors (Neogi and
Singh 2022) applies the ZBP approximation to help understand how the large-scale tropical circulation responds to local
versus global changes in surface temperature.
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APPENDIX A
Solution of the Thermodynamic Model
Here we provide details of the solution of the thermodynamic model. We ﬁrst solve for the relative humidity and
lapse rate at a given level. We then show how this solution
may be integrated vertically to provide proﬁles of temperature and relative humidity for a given vertical velocity
proﬁle.

a. Solution at a given level
Following Romps (2021), we derive an equation for the
relative humidity in terms of only T, p, , d , m, the radiative
cooling rate Qrad, and vertical velocity w. The expression
for the relative humidity (7) contains the unknowns g and
r. Combining (8) and (10), we may write

g 5 gm 1 b(1 2 R),

(A1)

where

gm 5



Ly
g
G
2
m
Rd T
Ry T 2

is the fractional saturation speciﬁc humidity gradient along
a moist adiabat, and
b(T, p) 5

L2y q*
cp Ry T 2 1 L2y q*

is a nondimensional thermodynamic function. Substituting
(A1) into the expression for the relative humidity (7), we
may write

R5

d (1 1 m)
:
d (1 1 m) 1 r[gm 1 b(1 2 R)]

(A2)
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The remaining task is to express r in terms of known quantities. To do so, we combine (6a) and (5) to write down an
equation for the net condensation rate snet 5 scond 2 sevap:
snet 5 [g 2 ( 1 md )(1 2 R)]Mc q* :


a1 5 2 1 1

 


1 1 ˆ b
1 1 2m
1 ˆ (b 2 2) 1 (1 1 ˆ b)
ŵ,
11m
d̂ (1 1 m)

(A3)
a0 5 1 1 [ˆ (1 2 b) 2 1 ŵ:

Using (1), we have rw 5 (1 2 r)Mc, and therefore
snet 5

1
g 2 ( 1 md )(1 2 R) rwq* :
12r

(A4)

We now use (6a)–(6d) to derive a second expression for
snet. Subtracting Ly times (6a) from (6c) and Ly times (6b)
from (6d) gives equations for the dry static energy budgets
of the convective region and environment:
Mc

s
5 Ly scond ,
z

(A5)

Me

s
5 2 Ly sevap 1 Qrad ,
z

(A6)

where s 5 cpT 1 gz is the dry static energy. Multiplying
(A5) by r 5 2Me/Mc and adding it to (A6) we have, with
some rearrangement,
snet 5 2

1 Qrad
2 md rw(1 2 R)q* :
r Ly

(A7)

Combining the expressions (A4) and (A7) for the net condensation rate and using (A1), we may write

gm 2 ( 2 b 1 md )(1 2 R)
12r
:
52
Qrad
r
2 md (1 2 R)
*
Ly rwq

(A8)

The ﬁnal step is to combine the above equation with (A2).
To do so, we solve (A2) for r:

d (1 1 m)(1 2 R)
r5
:
R gm 1 b(1 2 R)

(A9)

Subtracting (A9) from one and dividing by (A9) gives
2 bR2 1 gm 1 b 1 d (1 1 m) R 2 d (1 1 m) 1 2 r
:
5
r
d (1 1 m)(1 2 R)
(A10)
We may then equate the left-hand side of (A8) with the
negative of the left-hand side of (A10) to give a cubic for
the relative humidity R,
a3 R3 1 a2 R2 1 a1 R 1 a0 5 0,

(A11)

Here we have nondimensionalized the equation by deﬁning
ˆ 5 =gm , d̂ 5 d =gm , and
ŵ 5

Ly q* gm
rw:
Qrad

(A12)

Noting that the density may be expressed using the ideal
gas law as r 5 RdT/p, the coefﬁcients ai depend only on T,
p, , d , m, Qrad, and w. Given these quantities, (A11) may
be solved using the cubic formula, and the lapse rate calculated via (10). Note also that (A1), (A3), and (A7) may be
combined to give the convective mass ﬂux:
⎤⎥⎥
⎡⎢⎢⎢ Qrad
⎢⎢
2 md rw(1 2 R) ⎥⎥⎥⎥⎥
1 ⎢⎢⎢⎢⎢ Ly q*
⎥⎥⎥
⎥⎥:
Mc 5 2 ⎢⎢⎣
r gm 2 ( 2 b 1 md )(1 2 R)⎦

(A13)

Once the relative humidity has been found using the procedure above, this equation may be solved for a given temperature and pressure using (A9) to evaluate r.

b. Integration in the vertical
To calculate the full thermodynamic proﬁles, we begin
with the temperature and pressure at a reference level
zref 5 8 km. We then integrate the coupled set of equations
T
5 2 G T, p;w(z), , m
z

and

p
pg
52
z
Rd T
upward and downward using a fourth-order Runge–Kutta
method with a step size of 20 m. The lapse rate C is calculated via (10), with the relative humidity evaluated by solving the cubic (A11), Qrad evaluated based on (13), and taking  5 d . The integration may then be performed for a
given proﬁle of vertical velocity w(z) and given values of
the entrainment rate  and evaporation parameter m.
The integration continues upward until the temperature
T 5 Tt; above this level the temperature is assumed to be
constant and the relative humidity is undeﬁned. The integration continues downward to the surface, but at levels
below z 5 zb we set the lapse rate to its dry adiabatic value
C 5 Cd, and we leave the relative humidity undeﬁned.

where

APPENDIX B



m
a3 5 ˆ b
ŵ,
11m
a2 5

Choice of Parameters in the Thermodynamic Model




m
ˆ b
ŵ,
1 ˆ (1 2 b) 2 (1 1 2ˆ b)
11m
d̂ (1 1 m)

The parameters for the thermodynamic model are chosen
based on the domain- and time-mean thermodynamic proﬁles of a CRM simulation of RCE described in section 4.
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FIG. B1. Domain- and time-mean (a) temperature lapse rate and
(b) relative humidity proﬁles in CRM simulation of RCE (gray).
Colored lines show (a) the lapse rate according to (10) given the
simulated proﬁles of temperature, pressure, and relative humidity
and for entrainment rates varying from 0 to 1.2 km21 as labeled,
and (b) the relative humidity according to the thermodynamic
model for  5 0.6 km21 and evaporation parameter m varying from
0 to 2.5 as labeled.

We ﬁrst set Tref 5 243.8 K and pref 5 370 hPa to match the
temperature and pressure of the CRM simulation at the
level zref 5 8 km. Next, we set the entrainment rate  by
comparing the simulated lapse rate to that calculated from
(10) using a range of entrainment rates and taking the simulated temperature, pressure, and relative humidity as
inputs (Fig. B1a). At levels just above the boundary layer,
the simulated lapse rate roughly matches that given by (10)
for an entrainment rate of ∼1.2 km21. But the diagnosed
entrainment rate decreases with height, and above ∼7 km
the simulated lapse rate is smaller than the moist adiabatic
lapse rate Cm and cannot be reproduced by (10) for any
positive entrainment. Zhou and Xie (2019) show how this
upper-tropospheric stability may be understood within the
zero-buoyancy plume framework by considering multiple
plumes with different entrainment rates, rather than a single bulk plume. According to their model, each plume
detrains at a different height given by its level of neutral
buoyancy, allowing the lapse rate to be smaller than in any
individual plume. Here we retain the simpler bulk-plume
approach, and we take a value of  5 0.6 km21 based on
the simulated lapse rate in the lower troposphere. As
shown in Fig. 3, the resultant solution to the CZBP model
provides a good match to the temperature structure of the
RCE simulation over most of the troposphere.
Having set the entrainment rate, we now set the evaporation parameter m. We solve the thermodynamic model with
 5 0.6 km21 and for a range of evaporation parameters m
for the case of RCE [w(z) 5 0]. According to the thermodynamic model, the relative humidity R increases with
increasing m (Fig. B1b). We ﬁnd that a value of m 5 1.5
gives a good match between the relative humidity simulated
by the CRM and that given by the thermodynamic model.
The values of  and m chosen here are then used for all further calculations with the thermodynamic model.

Here we show that the vertical velocity proﬁles produced
by the CZBP model for zero entrainment and under the
DGW parameterization have the same vertical structure as
the ﬁrst-baroclinic mode described by quasi-equilibrium (QE)
dynamics (Neelin and Zeng 2000; Emanuel 2007). The QE
dynamics framework is based on the assumption that convection constrains the tropospheric lapse rate to be very nearly
equal to the moist-adiabatic lapse rate Cm. Linearizing about
the tropical-mean temperature proﬁle T0(z), this allows temperature variations in the atmosphere to be approximated by
a single vertical structure function A(z) so that
T  (x, z, t) 5 A(z)T * (x, t),

(C1)

where T (x, z, t) is the perturbation temperature, equal to
T(x, z, t) 2 T0(z), and the function T* depends only on
horizontal position x and time t.
The assumption of a moist adiabatic lapse rate C 5 Cm
corresponds to the solution of the thermodynamic model
for zero entrainment. We may therefore write the vertical
structure function
A(z) ≈

DT50 (z)
,
DTref

(C2)

where DT50(z) is the temperature anomaly according to
the thermodynamic model for  5 0 and DTref is its value
at the reference level.
The vertical structure of temperature variations given by
(C2) places a strong constraint on the vertical structure of
the winds. To see this, consider the linearized, inviscid
anelastic equations for horizontal momentum, hydrostatic
balance, and continuity}respectively,

= · (r0 v) 1

(r0 v)
5 2 =p ,
t

(C3)

1 p
T
5 2g
,
r0 z
T0

(C4)

(r0 w)
5 0:
z

(C5)

Here v is the horizontal velocity, p (x, z, t) is the perturbation pressure, and the subscript 0 refers to the tropicalmean background state. Following Kuang (2008a), we have
neglected the contribution of the pressure perturbation to
the buoyancy, and we further neglect virtual effects. Differentiating (C3) with respect to z and substituting (C4),
we have


 (r0 v)
r gT 
:
5= 0
t z
T0
Applying the QE assumption using (C1) and (C2), we
have
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 (r0 v)
r DT50 g=T * (x, t)
5 0
:
t z
DTref
T0
Only the term in square brackets on the right-hand side of
the above equation depends on height z. This implies that
the QE constraint of moist-adiabatic lapse rates limits the
vertical structure of the horizontal winds to two modes: a
barotropic mode independent of height, and a baroclinic
mode V(z) deﬁned by
(r0 V) r0 DT50
5
:
z
T0
By continuity (C5), the baroclinic mode has an associated
vertical velocity structure W(z) that satisﬁes
2 (r0 W)
r DT50
52 0
:
z2
T0
Replacing r0 with r, the above equation may be seen to
give the same vertical structure as the DGW parameterization (19) for the case in which  5 0. A similar derivation
of this baroclinic mode in pressure coordinates may be
found in Neelin and Zeng (2000).
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