
Advanced Dynamical Meteorology

Lecture 2

Waves

what is a wave What do you think a wave is

Hard to define rigorously but has some key characteristics

1 Propagation

waves travel by propagation
This means they don't transport material but they can transport
otherthings like energy or information

A dog passes gas You hear it but it takes a few
seconds before you smell it

sound waves

FLEET r
material movement

This is because soundpropagates through waves

But to smellsomething molecules of gas must enter
your nose

How might this be relevant in
the atmosphere



21 Dispersionrelation Have you heard of this

Waves in general have a relationship between their
size andtheir frequency

Linearwaves thetypeofwaves we willconsiderhere
have a relationship between their frequencyandwavenumber
called the dispersionrelation

w or k

frequency wavenumber

k 21 wavelength

The dispersionrelation is super important We will
see why soon

3 Oscillations

the atethinkofftkfin.ie generallythinkof

transverse ware

longitudinal wave
1k



But remember Fouriers Theorem

Any function can be expressed as the sum of
sines and cosines

4 2 Afk coshx Blosinkx dk
is

So if you sum up enough of them you canmakeanyshape

But Remember that linearwaves have a relationshipbetween
their frequencyand wavenumber

Thisalsotells us about the speed of a wave

If the speed of a wave varies with wavelength
the waves will eventually separate by wavelength

such a wave is called dispersive

Far away from a wave source the waves tend to
look like plane waves

Example Drop a rock in a pond

1
Takesiregulardepression
in watersurface

1 WÉreboundsand creates

3 mmÉn
Ripples propagateawaylikeplanewaves



This is also why beach waves are so regular
and why they some in sets

Analysing waves

Lets make this a bit more ioncrete Howdo we actually analysewave

there exists a wide literature of mathematical theory onthis

Herewe will introduce some heuristics to help understand waves

Canbe confusing and terms are often not explained

Hopefully this lecture will help

Suppose we have a governing equation for a physicalsystemofinterest
Often we can combine set of PDEs into singleequation
We will see this for the Quasigeostrophic equations later

Equationmay be written in general form

f 4,29 91 2 0

for 4 461t and some function f

While nonlinear waves exist usually in meteorology we
will study linear waves

This means we need to linearise the equation

Linearisation split solution into background state and
small perturbations around that backgroundstate



E g small perturbations around mean jet

Lets take a simple example of a governing equation

2 2 k kpy.jo
Lets lineariseby supposing

4 x t I U'inet 14 CLT

we then have
yet Cyi 74,1 7 5 0

Linearisation means we neglect
products

of perturbed quantities

Linearised equation

GE chin k41 0

or fee cha 22,74 0

or L 4 0

where L is a linear operator

Notethat our equation has constant coefficients
Thisdoesnothave tobe true



Okay we have the linear equation Nowwhat

We look for wave like solutions

Yhe Re Aeik at

This is an oscillating solution with wavenumber k and
angular frequency w

Remember to coso isino

We can assume a solutionof cosine or sine but using
the exponential form is much easier

In general the amplitude A is romplex

Let's apply this to our simple linear equation

Gee 22m 22,74 0

2 4 inAeith wt iwy

7,4 i kAetnawt iky

Theequation becomes

iw c ik kik 4 0

Either 41 0 trivial solution

or
co c k ikk

This is the dispersion relation



Let's consider first the case 7 0 In this case the
dispersionrelation is simple

w ck

Describing two waves propagating left andright

This is actually a very special equation called the wave equation

It admits two wave solutions and which are
non dispersive Wewilldiscuss what this means below

Note The wave like solutions we have found need not
be the only solutions There can be other so called
non normal mode solutions that do not have this structure

Nonetheless we can learn a lot from these exponentialsolutions

Howdoes a wave propagate
Whatconditionsdo you need for a wave topropagate

Wave propagation

Lets consider the wave like solutions we have found
To be concrete suppose solution is a cosine

Y x t Acos Roi we dropping theprime

for some w Ck W b are real

Wealso have 4 lie Acosin Rx cut

Y



4 is in quadrature withQe

He is shifted to the right from4

wave propagates to the right

when 4 0 He is a maximum

wave does not amplify or decay

This is the fundamental mechanism of wave propagation

Let's go back to the non zero I case In that case
we have

4 71,2 Re Aeika wt

with
w dk ikk

w c k ink

ck i it
z

Using a Tayor series

i a I 1 1pe 06 2

I 0 22

we ck ite
w É



We may then write our solution

4171E Re Aeik out

Ref Aeiko.at e

Re AEE eikaa.tl

If we take A to be real we have

44.4 Ae cos ex Wrt

The wave is damped Its amplitude decreases
with time

This oresponds to a negative imagining component of co

Im w LO

We can also rakulate Yell t

Ye a e e 2Acoska wt

Acosta a t 2 e k

Ae wsin kx wit

Ae In cos rx wit

Ae 12 os nonwit cuisineswith
L in phase L inquadrature



Therateof change now has a component opposing the amplitude
this is damping

This shifts 4 relative to 4

a

4

Summary
w r k

of time
speedof propagation

dampingamplification

Under what conditions would w be positive

Phase speed and Group velocity

Waves propagate But what speed do they propagate at
This is a surprisingly complicated question

There are two different speed we might be interested in

Phase speed

Cp 12
This is the speed at whichindividual troughs and ridges
move

We can see this by following an individual warecrest



Suppose 471,4 Acos Rx out

Alos Rfa 45

wave crests occur when D Cpt 0

so theyfollow a path I Ct

xx
oct 6274

C t

st

Phase speed can be defined for each direction

For a 2 D wave

Y 7,9 t Aeilkatly wt

w r n e

Cpa Uh Cpy

Groupvelocity

For planewaves phasespeed is all we need
But in general waves are made upof a rangeof frequencies

Eg suppose we have a wave packet

XY

mum is



Wemight describe this as a single havewith an
amplitude modulation

Y ait telethon
out

Gaussianenvelope

Canbe expressed as sum of plane waves

46,4 ae tehteiki.at dk

where sk I and w rk

This is because the Fourier transform of a Gaussian
is a Gaussian

For simplicity consider sumof two waves

Uh t Ae Rtk fatale aeifeskla.casast

Aeikawe e shx sat Aeihiswelet aresoot

Afeilska sat e
i ska sat eikon we

Atos Aka swe eikonwet



This looks like a Beat

04
1 21

intranet
E Esn

We know the speed at which the blue crests move is

Cp

What speed does the green envelope move at

This is governed by

Env Acos Aka sat

A Cos sk 2 11
The speed of a group of waves is

cg 71

For so 0 this is

8L

This is the group velocity

It isthevelocity that transports energy and
information



For our simple example

a Ck

En c

the phase speed and group velocities are the same

This is what is meant by non dispersive

Disturbances propagate without dispersion

4

IF
But most waves are dispersive

Cp Cy

Energy travels at different speed to phase

Waves separate by wavenumber away from their source
Inhomogenous media

Everything wehave discussed assumed the governing equation
had constant coefficients

We then know that an 2 derivative gives ikx
and a time derivative gives int

This allows us to find the dispersion relation



But what happens if the coefficients vary in space

Two possible approaches

1 Don't use a wavelike form in the directionofrotation

Supposethe equationvaries in Z but the coefficients are
constant in x and y

Wecan search for separable solutions of theform

4 71,9 2 t A z eikitly wt

We can then reduce the problem to an ODE in Z

Yellathisteets in an eigenvalue problem for discrete

This method used when boundaries are involved andor
thevariation occurs over a similar lengthscale as the
wavelengthof interest

2 If we can assume the variation occurs on a lengthscale
large compared to the wavelength we can apply ray theory

Assume a wave of the form

461 t A x eika we

where A is a slowly varyingamplitude and the dispersion
relation is satisfiedlocally

a 52 kin

Largebody ofwork on ray theory and relatedmethod
of WKB Here we sketch some main results



Energy is propagated by the group velocity
We therefore follow characteristics of the
groupvelocity as rays

If equation is not anexplicitfunctionof t w is
constant alongrays

If equation is not an explicitfunctionofDC h is
constant along rays

It both above conditions satisfied canuse dispersion relation
to find lly as wave propagates meridionally

CritialLines Turning lines

consider a barotropic Rossby wave in a background flow U g

As wewill show late thedispersionrelation for such a wave is

w 2191k 1
Here β is the gradient of absolutevorticity

β 35 9
2
5

since coefficients in equation are independent of G1EI we know
hcol are constant along rays

Wecan find how I varies along a ray by rearranging



N Cpx 1a PK In
2222 uEpx

e In k

To make things simple assume k is small waves are long

e 1sep
For propagation need so

otherwise I is imaginary Whatdoes it mean if 120

This requires β SO But suppose β 0 what happens to
the wave

In this case 1 30 the wave is reflected

Cgy 0 can70

Thewaves become long anddon't break

The line 1 0 is a turningline

Alternatively when U Cps 30 e is

This is called a critical time Here the wavelength
shortens becomes nonlinear and breaks

At a vital
lines

ca 0

wave breaks and is absorbed



Raytheory with turning and critical lines is a powerful
way of analysing wave problems without solving complicated

PDEs

Summary

A wave is characterised by its dispersionrelation

w S k h m

Dispersion relation tellsus

the phase speed Cpx WE Cpy

the group velocity Csx 2 Cgy 2

The group velocity determined the energy propagation

of the wave and the propagation of the envelope

Real part of v Sfr corresponds to wave
propagation imaginary part to growthdecay

Can apply these results to slowly varying media

This is what we will now do


