
Lecture 8 Maintanence of a barotropic

jetInthe previous lecture we saw that

The midlatitude circulation is strongly influenced bythe distribution of eddy fluxes of angularmomentum
The convergence of momentum due to eddies is responsible
for the thermally indirect Ferrel cell and the surface

westerliesNow
we seek to understand what sets the distribution

of eddy momentum fluxes on

Earth.Vorticity
CirculationConsider

the vorticity a quantity related to angular
momentumVorticity

defined
psinablatimesmu

interested in the radial component

yycdothatrfrac1rcosphileftfracpartialvpartiallambdafracpartialucospsipartialpsiright
Under the thin shell approx

yfrac1Recosphileftfracpartialvpartiallambdafracpartialucosphipartialphiright



Conservation of

vorticityWe
begin by considering a single layer homogenous fluid

rhorho0constant density

No verticalvariation fracpartialupartialpfracpartialvpartialp0
Continuity equation

fracpartialrhopartialtnablacdotleftrhoyright0
backslash

may be written

rho0leftnablacdotpsiright0

Rightarrowfrac1Recospsileftfracpartialupartiallambdafracpartialpartialphileftvcosphirightright0

Also can show that the vorticing equation is given by

fracDDtleftf9rightleftf9rightnablancdotu
Now restrict ourselves to a constant depth fluid

W0

nablacdotunablancdotu0

RightarrowfracDleftfvarphirightDt0
Absolute vorticing is conserved



Derivation of Vorticity

equationWeconsider inviscid homogenous rhorho0 How of a
single layer leftfracpartialupartialzfracpartialvpartialz0right

Consider the usual primitive equations

1fracDuDt2OmegasinphivfracuvRetanphifrac1Rerho0cosphifracpartialppartiallambdaFlambda
fracDvDt2Omegasinphiufracu2Retanphifrac1Rerho0fracpartialppartiallambdaFphi

Consider the equation for u

LMSfracpartialupartialtfracuRecospsifracpartialupartialxfracvRefracpartialupartialphi
since for our single layer fracpartialupartialzfracpartialvpartialz0

2

Now note that

vyfracvrecosphileftfracpartialvpartiallambdafracpartialleftucosphirightpartialorightfracvrefracpartialupartialphifracuvsinuRecoscfrac1Recosphifracpartialpartiallambdaleftfracv22rightthereforefracvRefracpartialupartialphivyfracuvtanphiRefrac1Recosphifracpartialpartialxleftfracu22right



We may therefore write

LHSfracpartialupartialtfrac1recosvarphifracpartialpartiallambdaleftfracu2v22rightvvarphifracuvtanphiRe
Putting this back into the u equation

fracpartialupartialtvvarphifrac1Recosphifracpartialpartiallambdaleftfracu2v22rightfracuvtanphiRe2OmegasinphivfracuvtanphiRefrac1Rerho0cosphifracpartialppartialxFlambda
Therefore we have

fracpartialupartialtvleftfgrightfrac1Recosphifracpartialpartiallambdaleftfracu2v22fraclprho0rightFlambda 3

similarly the o equation may be expressed

fracpartialvpartialtuleftfgrightfrac1Refracpartialpartialvleftfracu2v22fracprho0rightFphi
4

Now we take fracpartialpartialphileftleft4rightcosphileft3rightright
The RHS becomes

00

RHSfrac1Refracpartial2partialphipartialtleftfracu2v22fracrhorho0rightfrac1Refracpartial2partialpsipartialtleftfracu2psi22fracrhorho0rightfracpartialFphipartialphifracpartialcosphiFtpartialt



On the LHS we have

LHSfracpartialpartialtleftfracpartialvpartiallambdarightfracpartialupartiallambdaleftfgrightufracpartialpartiallambdaleftfgright

leftfracpartialpartialtleftfracpartialucospsipartialphirightfracpartialvcosphipartialphileftfgrightvcosphifracpartialpartialphileftfgrightright
Rearranging

LHSfracpartialpartialtleftfracpartialvpartialtfracpartialucosphipartialphirightleftfgrightleftfracpartialupartialtfracpartialvcosphipartialphirightufracpartialleftfxirightpartialtvcospsifracpartialleftfgrightpartialphi
Dividing by Recost we have

LHSfracpartialgpartialtucdotnablaleftgfrightnablacdotuleftfyright

RHSfrac1RecospsileftfracpartialFpsipartialtpartialFtcospsipartialpsirightnablatimesFrh

therefore we have

fracDDtleftfgrightnablatimesFOmegahleftffrightnablacdotUh
For single layer non divergent frictionless flow

fracDDtleftyfright0

Absolute vorticity is conserved



Absolute Vorticity

yagf
relativevorticityplanetaryvorticity

For a resting fluid Ja increases monotonically

Ya is dominated by 5 in mid to high latitudes
0 9 0 for realistic

flows.Kelvin'sCirculation

theoremConsider
the integral of absolute vorticity over some material region

of the atmosphere

Gammalefttrightint_AlefttrightyfdA
Now for an infinitesimal region fracdGammadtfracddtleftleftSFrightdeltaAright
But fracdleftydeltarightdt0 from above and fracdleftdeltaArightdt0 by

incompressibilityThuswe have a version of Kelvin's circulation theroem fracdGammadt0
Furthermore by Stokes theorem we may write

Gammaint_AlefttrightyfdAoint_partialAlefttright
abscdotdr

where IA is the boundary of A Labs is the absolutezonal

velocLetsapply Kelvin's circulation theorem to a polar cap
up to a latitude psi0

NP

AN highSa PhiN
lowGa

xx
xstirring
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The mean zonal flow is equal to the sum of the
vorticity further polewards

Now let us stir the fluid at some latitude south
of Otr As the disturbance reaches On the contours will
deform

Since 248A o this advects low vorticity air into the
polar cap and advects high vorticity air away

Redo our calculation of circulation and we have

as cut.am

the stirring thus produces a deceleration of the flow
on its poleward flank

Some time later we might imagine the flow returns
to its original position reversibly In this case the
velocity would revert to its initial value

However if there is some irreversible mixing that
occurs we might expect a net flux of vorticity
through the latitude circle

Summary

Stirring produced south of can act
to decelerate the flow in the polar cap

A similar argument may be applied to the region
south of the stirring



X x x x x x x x

ftp
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Deformation of contour originally at Os advects low
vorticity northwards But none that the surface is
now oriented in the opposite sense

My f f das Recosulfiq
As

restart custaclusis

The stirring decelerates the flow to the South

We have shown that stirring that produces
disturbances that propagate away and decay irreversibly

produces deceleration in the regions of decay
By conservation of angular momentum the zonal wind

in the source region must accelerate westerly

Westerlies form in the stirred region
But how is this momentum transport effected



Rossby waves and momentum

fluxLetus consider the momentum transport producedby
propagating Rossby

waves.Forsimplicity stick with our non divergent barotropicHow

fracDleftffrightDt0
Consider β plane approximation leftxphirightrightarrowleftxyrightff0By

no vertical velocity

fracDDtfracpartialpartialtufracpartialpartialxufracpartialpartialyfracDfDtBvRightarrowfracpartialypartialtufracpartialvarphipartialxvfracpartialvarphipartialybetav0

fracpartialypartialtufracpartialvarphipartialxvleftfracpartialvarphipartialybetaright0betafracdfdy



Linearise about a basic state uleftoverlineu0right
where we assume overlineu is uniform

fracpartialypartialtoverlineufracpartialypartialxbetav0

Define a streamfunction Phi so that

ufracpartialpsipartialy I vfracpartialpsipartialx

yfracpartialvpartialxfracpartialupartialyfracpartial2psipartialx2fracpartial2psipartialy2nabla2psi
Search for solutions of the form

psiARelefteileftkxlyomegatrightright where A is wave amplitude

Note that for this plane wave form

uvA2ReleftilexpleftileftkxlyomegatrightrightrightReleftikexpleftileftkxlyomegatrightrightright
A2klsin2leftkxlywtright



Taking the time average over one period

overlineuvfracA2kl2

Now let us calculate the dispersion

relation.Wehave
leftn2l2rightleftomegakoverlineurightkbeta0

RightarrowwkoverlineufrackBleftk2lright2
The meridional group velocity is then given by

cgyfracpartialomegapartiall2lcdotfrackbetaleftk2l2right2klleftfrac2betaleftk2l2right2right Positive

definiteThemomentum flux is proportional to but opposite in

sign.tothe meridional group velocity

Remember that the group velocity tells us about the
propagation of energy by the waves actually wave activity

So the waves flux momentum in the opposite direction
to wave

activitywave
activity

fluxmomentum
thewave

sourceAsbefore momentum is converged into the stirred region



Kinematicsofmomentumtransport

What does this momentum flux look like
UI 0 can be achieved by tilted troughs
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convergence of momentum can be achieved by
Bananashaped eddies
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Propagation or Rossby

wavesConsider
again the dispersion relation

wkoverlineufracBleftk2l2right
For a given frequency and zonal wavelength

we can solve for l

leftkoverlineuomegarightleftk2l2rightRB

l2frackBkoverlineuomegak2

lpmleftfrackBoverlineuck2rightfrac12
where cfracomegak is the Zonal phase speed

propagation is allowed linmathbbR provided

fracbetaoverlineuck2
This requires that overlineuc0

The Doppler shifted phase speed must be to thewest

The waves must be moving west relative
to the mean flow



We have derived this assuming
overlineu is constant

But similar results apply even if it varies as

long as we can apply a WKB approximation

In this case we may write an approximare solution

psileftxytrightAleftyrightexpleftikxhatlyomegatright
where l is the local solution to

lsim2leftyrightfracBsimleftoverlineurightcR2
betasimfracpartialleftfleftoverlineyrightrightpartialy
cfracomegak is conserved

slighty different in spherical geometry

leftoverlineurightCrightarrow0
groupvelocity slows leftCgrightarrow0right
energy density increases

Linear assumption breaks down

labAs

leftoverlineurightcx



leftoverlineurightc0lrightarrowinftyCgrightarrow0
The location wherecritical latitude

this is where
the wave breaks

where l 0 is a turning latitude wave energy
is

reflected.latitudeJetmaintanence conceptual picture

Waves produced by baroclinic
instability at midlatitudeswave breaking

Waves propagate meridionally
and approach critical latitude
where

overlineucapprox0

sourceregion

Waves break and dissipate
new critical latitudezonal mean

windMomentum is transported to
centre of jetphase
speedEpilogue

We have come a long way with a simple single

layer barotropic model of the atmosphere

In single layer case eddy stirring must be imposed

In reality eddies at midlatitudes a result of
baroclinic instability

This requires at least 2 layer model to understand

See Vallis 2006 ch 12 Held

notesStillneed to understand what sets the eddy field and how
this interacts with the mean How Will return to this point
late with the powerful technique of the transformed Eulerian mean


