
 

Lecture Governing Equations

Basic Equations

Need to solve for 6 key variables

U V W
T
P
P

Also moisture g or salinity s

Need 6 equations ft eq for humidity salinity
Mass continuity
Newton's second law 3 eyas
thermodynamic equation
equationofstate

Equationofstate
Connects temperature pressure and density
Involves humidity salinity in the ocean

For atmospheric science ideal gas law is sufficient

A

RE 287 J ng k what are the assumptions that lead
to this

Conservation of mass

Tconsider a control volume

fChange in mass within volume
equals flux of mass throughboundery

pdV foggyDS d
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By divergencetheorem

edV four.pydV

True forany control volume and hence

et u 1 B

Material parcel p1Material parcel follows fluid elements p
I can think of as tagged particles
Velocityof boundary same as that of fluid

For material parcel mass is conserved

datfyfe
du dmz O

y
Lagrangian co ordinates

Associated with the material parcel we can define material or Lagrangian
coordinates

kno Ko Yo Zo

where Io is the position of a given parcel at some time f to

Can thinkof Io as a tag that follows parcels around

This can be compared to Eulerian coordinates

TE fl y 2

which refer to the position in some inertial reference frame

Io is constant for a given fluid element

2 is constant for a given position in space

what does 81
Jt

mean



Lagrangian Derivative

Need to convert between the Eulerian Lagrangian viewpoints

By definition the velocity is defined

2xa UNM Jet
Io

i.e the velocity is the rate of changeof positions following a parcel

We can use this to express the material derivative in Eulerian
coordinates

Consider a variable X

May write this as a function of an X X KH

or as a function of Ko X ME 4

By the chain rule we have
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3ft t Fat tough.tw zk
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where all partial derivatives are taken at constant 2

Since this transformation is so useful we give it a
special symbol

D
It Ff t y O

the Lagrangian derivative



Conservationofmimentum

Newton's law applied to a fluid parcel

d
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parcel
momentum

Sinnof forces

Consider the LHS Can't move derivative through the integral
because the limits depend on nine

Transform to Lagrangian coordinates 4,4 t t's Ho bo

Pk DV put JCI.IO DV

JCzoix is the Jacobian for this transformation
Twhat is this

Now integration limits are independentof time
LHS dafu.pyJG.IO dV PEJA o dV

2 J Cairo dV k I du

First term Jacobian unaffected simply transform back

371 rJG.HN fat 2 o du

second term Consider muss of material element

By definition da p du O
UH



In Lagrangian coordinate

Itf w
fufu.sJdV for 271edu

0

Since Vo is arbitrary implies 274 0

Second term above is zero

Thus we have

dat pydV Djs didVH

Now consider the right hand side sumof forces

Now tally the forces on the air parcel

Divide into body forces surface forces

T T
act throughout act at interfaces between
fluid fluid elements

Relevant forces for atmosphere

gravitationalforce body force

pressure

97ft.bg
CswtueArasj

gravitational forceperunit

Gravity Eg fu pgtd
mass

Eg qp0EgdV
Tgravitational potential



piesse acts at surface bounding parcel Points inwards normal to surtax
whatis
pressure

Ep gyp
ads

By divergence theorem

Ep fu OpdV
Also have surface forces due to friction Can represent by
viscous stress tensor Pij in component of stress on surface
oriented with normal n

F i E Pijn
j

Viscous force on parcel

Eu far a Eds

O P N divergence theorem

Putting all this together

µ
Viscous stress tensor

pbjf.dV fqsootg opto.EDU

Since Vt is arbitrary the integrands must be equal

For now summarise viscous

Dff
0 9 top t Epic

stresses as Eerie



Rotation

Earth's rotation gives rise to additional forces

Centrifugal Ears 7 1 1

1
rotationvector

depends on position only

Coriolis Eco 2rad
depends on velocity acts at right angles

Ecenr points radially outwards

Magnitude of centrifugal force I Eri
r

are
rt

How do we deal with these heroes

Consider stationary object on Earth

Forces gravity centrifugal normal force

How can we make these forces balance

Ask about forces



BulgingofEarth

The farce associated withTOI does not point to the
centre for the Earth

q
Normal

But it does correspond to local down
as measured by a plumb bob

Estan

over the ocean atleast

Makes sense to combine centrifugal force and gravitational force

Can express centrifugal force as gradient of potentials

Emre 0 17
Can easily verify that

IEeenrt trial Ecm I

we can therefore define a modified potential such that

Eg 1 four to OfEg tri



The momentum equation may then be written

aDj TOI 21 4 top t Ef

In this equation K is measured relative to the rotating Earth

Sphericalco ordinates

Convenient to write equations in spherical coordinates
radius

4 y Z vs fl r dist fromcentreofEarth

99
latitude longitude

But Earth hot exactly spherical whatdo wedo

Make the approximation that surfaces of constant oI
are true spheres

OE g k
f Tanit vector in the radial

gravitational
direction

centrifugal up
force perunit
mass



Can be easily seen that

it rcos diet v rdIaf w drag

Also
feet dfu.az t deafday t Eatdoer

Iet r s Ia t Iff t w

For flow on Earth r Ret Z

a
radiusof Earth

Furthermore since Ress Z for the atmosphere

we can make a series of approximations that simplify

the equations

This results in a set of equations
called the primitive equations

see Vallis 0h22

see slides for actual formulas

Divergence

Under the shallow Heid approx

o a Eat TEII t Fa
r Re by shallow thirdapprox



Thermodynamioequakin

First law of thermodynamics represents conservation of
energy at micro scales

Q Maka finessed.fi oifwamaoo.FIathEimw.meneuogmy99

see Salmon R Kase Lectureson CED
for nice treatment

We just take as given the thermodynamic equation

Q Dj t pDd

f Dt
p pheating

changerate work
in internal
energy

For fluids with constant composition can express internal energy in terms
of any two wordinates eg

e ECT a for ideal gas e ECT only

By chain rule

qq.fr aDEei

fEah7EQfE 7FetffEDytb 7

at constant volume we have

Q 3 Ee



Define a 2

Q e Gott

f
Et t PD

specifichearcapacity at const Volume

ON atmospheric temperature ranges Cv is roughly constant

Note that the ideal gas law

ph RAT
allows us to write

D t PDF RdDI
DE

Substitute into thermodynamic equation

Q aDItp DDt Dt

jIRD Mft

q Guy Date 4

p CutRd
is the specificheat
capacity at constant pressure

This equation is particularly useful in pressure coordinates

since Dff w is the vertical velocity



Equations A D represent a complete set to describe
a dry atmosphere with the specification of appropriate boundary
conditions and forcing tours e.g q

In addition generally require equation for humidity

Useful approximations transformations

Tangent plane approx

take x Rcosyon
you ReCOOo

Recovers familiar f plane or B plane equations

Pressure coordinates

Transform equations into new coordinates

y Z t te x y p t

Need to transform terns in effs



Lagrangian derivative

Dpp Ie t U's to
y

t

YIP
w DI

DE

Note that b def deaf f dfw deff

U and u remain as horizontal velocities

But we take derivatives along constant pressure surfaces

TIRED p const

Op

I l s l l l l I

Need to transform derivatives in equations

The new coordinates are related to the old by

2 2

y y
2 pg hydrostatic balance



Consider an arbitrary variable 8

Ii iit Effort E Ei EFae
9

derivative at
const pressure

3 II t 21 E
ok 82 2x

9
slope of isobar

Take f p pressure

Jody o derivative at const pressure

o Fat Fz i

op
Joe say It22

Op 80 E gz
Jx

They our tangent plane equations may be written

ft Fat ofay t wtf fo III Fx

where we have dropped the primes and horizontal derivatives
are taken at constant pressure

Notethat we also have

to d Hydrostatic balance
op



Continuity in pressure coordinates

Can transform the equation similarly

But simpler to rederive applying hydrostaticbalance

Remember M J p dxdydZ
Kt

Hydrostatic balance pdz Igdp

Me
Igdxdydp

Density in pressure coordinates is Ig

age t Op
Eg
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On Y t E O
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Under the tangent plane approx

Suzi afyt Fp
Can show this more rigorously



Definitionotthestreamfunctain

Useful to define streamfunction 4 such that the difference in 4
between two levels is equal to the mass flux between the levels

that is
yay plz Recosulfff ar dat

since dz pgdp can write in pressure coordinates

4p 41Pa Recost Jp odgadd

Differentiating in pressure

p
Recusalf tudi

g
Erecta

v

where v is a zonal mean

Remember continuity equation may be written

a II t It 3 o

Integrate in longitude and multiply by Deasy

Sj oddRecosy Reust Zp goatee DX D

Comparing to above

Afp t recostfpf waif 0

Ip g 3 t newsy wat o



Assume y w 0 at surface

ii sx y Iff on

affecosy Fff Cws

the difference in 4 across latitudes corresponds to
the vertical mass flux between those latitudes

Next Kehoe Use these equations to think about thebasic
causes of the general circulation


